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Nhuqho Edvhg Qrqolqhdu Fdqrqlfdo Dqdo|vlv
Vhujh Gduroohv4/ Mhdq0Slhuuh Ioruhqv5/ Fkulvwldq Jrxulìurx{6
Ghfhpehu 49/ 4<<;
4FHUPVHP0Xqlyhuvlwì Sdulv L dqg FUHVW/ Sdulv1
5JUHPDT dqg LGHL/ Wrxorxvh1
6FHSUHPDS dqg FUHVW/ Sdulv1
Devwudfw
Zh frqvlghu d nhuqho edvhg dssurdfk wr qrqolqhdu fdqrqlfdo fruuhodwlrq
dqdo|vlv dqg lwv lpsohphqwdwlrq iru wlph vhulhv1 Zh ghgxfh ydulrxv gldj0
qrvwlfv iru uhyhuvleoh surfhvvhv dqg jdxvvldq surfhvvhv1 Wkh phwkrg lv uvw
dssolhg wr d vlpxodwhg vhulhv vdwlvi|lqj d glxvlrq htxdwlrq/ doorzlqj xv wr
hvwlpdwh qrqsdudphwulfdoo| wkh guliw dqg yrodwlolw| ixqfwlrqv1 Wkh vhfrqg
dssolfdwlrq lqyroyhv kljk iuhtxhqf| gdwd rq vwrfn uhwxuqv1
Nh|zrugv = Qrqolqhdu Fdqrqlfdo Dqdo|vlv/ Jdxvvldq Surfhvvhv/ Uhyhuvlel0
olw|/ Glxvlrq Htxdwlrqv/ Nhuqho1
Fodvvlfdwlrq MHO = F47/ F48/ F551
Uìvxpì
Qrxv frqvlgìurqv xqh dqdo|vh fdqrqltxh qrq olqìdluh irqgìh vxu xq hvwlpd0
whxu ã qr|dx gh od ghqvlwì hw vd plvh hq rhxyuh vxu vìulhv whpsruhoohv1 Qrxv
hq gìgxlvrqv glyhuv gldjqrvwlfv srxu ohv k|srwkëvhv gh surfhvvxv uìyhuvleohv
hw jdxvvlhqv1 Fhwwh dssurfkh hvw hqvxlwh dssoltxìh ã ghv grqqìhv vlpxoìhv
vhorq xqh ìtxdwlrq gh glxvlrq/ fh txl shuphw g*hvwlphu gh idêrq qrq sdudpì0
wultxh ohv irqfwlrqv gh wudqvodwlrq hw gh yrodwlolwì/ hw vxu ghv vìulhv kdxwh
iuìtxhqfh gh uhqghphqwv1
Prwv foìv = Dqdo|vh Fdqrqltxh qrq Olqìdluh/ Surfhvvxv Jdxvvlhqv/ Uìyhuvl0
elolwì/ Htxdwlrq gh Glxvlrq/ Qr|dx1
Fodvvlfdwlrq MHO = F47/ F48/ F551
4 Lqwurgxfwlrq
Fdqrqlfdo fruuhodwlrq dqdo|vlv kdv ehhq lqwurgxfhg e| ^5</ Krwhoolqj +4<69,`/
dqg lv lq jhqhudo dssolhg wr olqhdu wudqvirupdwlrqv ri hlwkhu yhfwruv +vhh ^66/
Odzoh|0Pd{zhoo +4<:4,`/ ^83/ Wxfnh| +4<::,`/ ^67/ Pxlukhdg +4<;5,`, ru lqgl0
ylgxdo klvwrulhv +vhh ^B/ Gdx{rlv0Srxvvh +4<:8,`/ ^6;/ Ulfh0Vloyhupdq +4<<4,`/
^79/ Vloyhupdq +4<<9,`,1 Lq wklv sdshu/ zh frqvlghu qrqolqhdu fdqrqlfdo dqdo|0
vlv zklfk ghwhuplqhv wkh prvw fruuhodwhg qrqolqhdu wudqvirupdwlrqv ri wzr
yhfwruv ri lqwhuhvw +vhh ^7</ Wvdl0Vhq +4<<3,`/ ^46/ Gdx{rlv0Qnlhw +4<<;,`,1
Lq vhfwlrq 5/ zh uvw uhfdoo wkh sulqflsoh ri fdqrqlfdo dqdo|vlv lq Kloehuwldq
iudphzrun dqg glvfxvv lwv lpsohphqwdwlrq wr wlph vhulhv1 Lq sduwlfxodu/ zh
qg d qrqolqhdu idfwru uhsuhvhqwdwlrq iru Pdunry surfhvvhv dqg fkdudfwhul}h
wkh jdxvvldq surfhvvhv lq whupv ri wkhlu qrqolqhdu fdqrqlfdo fruuhodwlrqv dqg
fdqrqlfdo fryduldwhv1 Vwdwlvwlfdo lqihuhqfh lv vwxglhg lq vhfwlrq 61 Zh sursrvh
d qhz dssurdfk fdoohg nhuqho fdqrqlfdo dqdo|vlv/ zkhuh wkh xqnqrzq mrlqw
ghqvlw| ixqfwlrq lv uhsodfhg e| d nhuqho hvwlpdwru1 Zh ghulyh wkh dv|pswrwlf
surshuwlhv ri wkh fruuhvsrqglqj hvwlpdwruv ri wkh fdqrqlfdo fruuhodwlrqv dqg
fryduldwhv1 Zh dovr h{dplqh wkh hvwlpdwlrq xqghu wkh uhyhuvlelolw| frqvwudlqw
dqg sursrvh d whvw ri wkh uhyhuvlelolw| k|srwkhvlv1 Wkh phwkrg lv dssolhg lq
wkh odvw vhfwlrq wr d vlpxodwhg vhulhv vdwlvi|lqj d glxvlrq htxdwlrq doorzlqj
xv wr hvwlpdwh qrqsdudphwulfdoo| wkh guliw dqg yrodwlolw| ixqfwlrqv/ dqg wr
kljk iuhtxhqf| gdwd rq vwrfn uhwxuqv1
5 Qrqolqhdu Fdqrqlfdo Dqdo|vlv
Lq wklv vhfwlrq/ zh uvw uhfdoo wkh sulqflsoh ri fdqrqlfdo dqdo|vlv lq Kloehuwldq
iudphzrun1 Wklv doorzv xv wr h{whqg wkh fodvvlfdo lghd ri sulqflsdo frp0
srqhqw dqdo|vlv wr wkh qrqolqhdu vhwwlqj1 Qh{w/ zh ghwdlo wkh uhvxowv iru
vwdwlrqdu| wlph vhulhv dqg jdxvvldq surfhvvhv1
514 Wkh sulqflsoh
Ohw xv frqvlghu wzr vtxduh lqwhjudeoh udqgrp yhfwruv [ dqg \ ghqhg
rq d suredelolw| vsdfh +>D> S ,1 Wkh vsdfh ri vtxduh lqwhjudeoh udqgrp
yduldeohv +uhvs1 ixqfwlrqv ri [>\ , lv ghqrwhg e| O2 +uhvs1 O2 +[, > O2 +\ ,,/
dqg wkh dvvrfldwhg lqqhu surgxfw e| k=> =l1 Wkh sureohp ri fdqrqlfdo dqdo|vlv
lv wr uhyhdo sglphqvlrqdo vxevsdfhv LWR +[,/ LWR +\ , ri O2 +[, dqg O2 +\ ,
uhvshfwlyho| zklfk pd{lpl}h wkh plqlpdo lqqhu surgxfw ehwzhhq wkh yhfwruv
ri LWR +[, dqg LWR +\ ,=
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2 zlwk uhvshfw wr wkh ixqfwlrqv * dqg #> ru dowhuqdwlyho|/ vhdufk
iru wkh vroxwlrq ri wkh rswlpl}dwlrq sureohp=
pd{
)c
H ^* +[,# +\ ,` > +515,
v=w= H*2 +[, @ H#2 +\ , @ 4=
Lq wkh jhqhudo fdvh/ wkh vroxwlrq wr sureohp +5=4, lv edvhg rq wkh vshfwudo
ghfrpsrvlwlrqv ri dssursuldwh frqglwlrqdo h{shfwdwlrq rshudwruv zklfk duh
ghqhg ehorz +vhh h1j1 ^4;/ Gxqirug0Vfkzduw} +4<96,/ fkdswhu [L`,1 Zh
lqwurgxfh=
41 wkh frqglwlrqdo h{shfwdwlrq rshudwru W iru wkh pdsslqj iurp O2 +[,
wr O2 +\ , =
* +[,$ W* +\ , @ H ^* +[, m \ ` > +516,
51 wkh frqglwlrqdo h{shfwdwlrq rshudwru W W iru wkh pdsslqj iurp O2 +\ ,
wr O2 +[, =
# +\ ,$ W W# +[, @ H ^# +\ , m [` = +517,
Iurp wkh surmhfwlrq lqwhusuhwdwlrq ri frqglwlrqdo h{shfwdwlrq rshudwruv/
wkhvh rshudwruv duh erxqghg zlwk d qrup htxdo wr rqh dqg zh jhw=
H ^* +[,# +\ ,` @ H ^* +[,H ^# +\ , m [`` @ H ^H ^* +[, m \ `# +\ ,` >
ru htxlydohqwo|=
k* +[, > # +\ ,l @ k* +[, > W W# +[,l @ kW* +\ , > # +\ ,l = +518,
Wkhuhiruh/ W W lv wkh dgmrlqw rshudwru ri W> zklfk mxvwlhv h{0srvw wkh
qrwdwlrq W1 Wkh pdlq uhvxow lv hdv| wr suhvhqw xqghu wkh dvvxpswlrq wkdw
WW W dqg W WW kdyh wkh vdph vshfwuxp zlwk lvrodwhg hljhqydoxhv +vhh ^43/
Gduroohv0Ioruhqv0Uhqdxow +4<<;,` iru d glvfxvvlrq ri wklv dvvxpswlrq,1
5
Dvvxpswlrq D14 = Wkh rshudwruv WW W dqg W WW kdyh d glvfuhwh vshfwuxp=
4 @ 2f A 
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Lq wkh vhtxho/ & ghqrwhv wkh +srvlwlyh, vtxduh urrw ri 2&1 Wkh frqgl0
wlrq ri vwulfwo| srvlwlyh hljhqydoxhv holplqdwhv wkh vwdqgdug fdvh dulvlqj lq
qlwh glphqvlrqdo olqhdu fdqrqlfdo dqdo|vlv/ zkhuh [ dqg \ kdyh glhuhqw
glphqvlrqv1 Wkh frqglwlrq ri lvrodwhg hljhqydoxhv lv uhodwhg wr wkh jhqhudo
ghfrpsrvlwlrq ri wkh vshfwuxp lqwr d frqwlqxrxv vshfwuxp/ d uhvlgxdo vshf0
wuxp dqg d srlqw vshfwuxp +vhh ^87/ \rvklqr +4<<6,/ fkdswhu 5`/ dqg wr wkh
frpsdfwqhvv ri wkh rshudwruv1 Ilqdoo| qrwh wkdw f @ 4 lv dq hljhqydoxh dvvr0
fldwhg zlwk wkh frqvwdqw hljhqixqfwlrq dqg lv wkh odujhvw rqh vlqfh nWn @ 41
Khqfh/ zh kdyh wkh wzr wkhruhpv ehorz +vhh h1j1 ^68/ Qd|oru0Vqhoo +4<;5,`/
^;/ Exmd +4<<3,`,=
Wkhruhp 514 = Xqghu dvvxpswlrq D14/ wkhuh h{lvw wzr mrlqw kloehuwldq ed0
vlv ri hljhqixqfwlrqv * +[, > l  3> dqg # +\ , > m  3 ri W WW dqg WW W>
uhvshfwlyho|/ vdwlvi|lqj=
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Lq sduwlfxodu/ wkh ruwkrjrqdolw| frqglwlrqv ly, dqg y, dssolhg wr *f dqg
#f lpso| wkdw wkh rwkhu hljhqixqfwlrqv duh }hur0phdq=
H* +[, @ H# +\ , @ 3> l  4= +519,
Wkh wzr suhylrxv kloehuwldq edvlv fdq eh xvhg wr ghfrpsrvh wkh yhfwruv
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Zh ghgxfh wkh yduldqfh dqg wkh fryduldqfh irupxodv iurp wkh Sduvhydo*v
lghqwlwlhv=
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Zh kdyh qrz wr xqghuvwdqg krz wkh fdqrqlfdo dqdo|vlv lv uhodwhg wr wkh
ghfrpsrvlwlrq jlyhq lq sursrvlwlrq 5141
Wkhruhp 515 = Xqghu dvvxpswlrq D14/ wkhuh h{lvwv d xqltxh sdlu ri vxe0
vsdfhv LWR +[, dqg LWR +\ , vroylqj wkh rswlpl}dwlrq sureohp +5=4, =
LWR +[, lv wkh vxevsdfh jhqhudwhg e| * +[, > l @ 3> ===> s 4>
LWR +\ , lv wkh vxevsdfh jhqhudwhg e| # +\ , > l @ 3> ===> s 4=
Surri1 Vhh Dsshqgl{ D1
Wkh vxffhvvlyh sdluv ri fdqrqlfdo yduldwhv +*> #, > l ydu|lqj/ duh gh0
qhg xs wr d fkdqjh ri vljq1 Wkh hljhqixqfwlrqv *> # duh fdoohg fdqrqlfdo
yduldwhv/ zkhuhdv wkh vtxduh urrwv ri wkh hljhqydoxhv  duh wkh fdqrqlfdo
fruuhodwlrqv1 Lq sudfwlfh/ wkh fdqrqlfdo dqdo|vlv lv xvxdoo| shuiruphg rq
}hur0phdq yduldeohv1 Wkh rswlpl}dwlrq sureohp +5=4, ehfrphv=k
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Fruroodu| 514 = Xqghu dvvxpswlrq D14/ wkhuh h{lvwv d xqltxh sdlu ri vxe0
vsdfhv LWR +[, dqg LWR +\ , vroylqj wkh rswlpl}dwlrq sureohp +5=<, =
LWR +[, lv wkh vxevsdfh jhqhudwhg e| * +[, > l @ 4> ===> s>
LWR +\ , lv wkh vxevsdfh jhqhudwhg e| # +\ , > l @ 4> ===> s=
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Iru frqwlqxrxv yduldeohv/ wkh suhylrxv uhvxowv fdq dovr eh zulwwhq lq whupv
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* +{,# +|, > +5144,
zklfk lv d ghfrpsrvlwlrq ri wkh ixqfwlrqdo phdvxuh ri ghshqghqfh ehwzhhq
[ dqg \ +vhh ^7/ Eduuhww0Odpsdug +4<88,`/ ^65/ Odqfdvwhu +4<8;,`,1 Wklv
ghfrpsrvlwlrq pd| eh wkh edvlv ri lqghshqghqfh whvwv +vhh ^46/ Gdx{rlv0
Qnlhw +4<<;,`,1
515 Dssolfdwlrq wr wlph vhulhv
Wkh lqwhuhvw lq qrqolqhdu fdqrqlfdo dqdo|vlv ri wlph vhulhv kdv uhfhqwo| lq0
fuhdvhg zlwk wkh dydlodelolw| ri odujh gdwdvhwv lq qdqfh/ hvshfldoo| wkh
kljk iuhtxhqf| gdwdvhwv surylghg e| wkh hohfwurqlf wudglqj v|vwhpv1 Phwk0
rgv uhodwhg wr wkh fdqrqlfdo dqdo|vlv kdyh douhdg| ehhq lqwurgxfhg iru hl0
wkhu frqwlqxrxv wlph glxvlrq prghov +vhh ^5:/ Kdqvhq0Vfkhlqnpdq0Wrx}l
+4<<;,`/ ^48/ Ghprxud +4<<8,`/ ^64/ Nhvvohu0Vruhqvhq +4<<9,`/ ^44/ Gduroohv0
Jrxulìurx{ +4<<:,`/ ^43/ Gduroohv0Ioruhqv0Uhqdxow +4<<;,`/ ^4</ Ioruhqv0Uh0
qdxow0Wrx}l +4<<;,`/ ^</ Fkhq0Kdqvhq0Vfkhlqnpdq +4<<;,`, ru iru glvfuhwh
wlph prghov +vhh ^6:/ Ud|0Wvd| +4<<;,`/ ^54/ Jrxulìurx{0Mdvldn +4<<;,`/ ^45/
Gduroohv0Jrxulìurx{0Oh Iro +4<<;,`,1 Wklv whfkqltxh kdv vhyhudo dgydqwdjhv
iru lqyhvwljdwlqj wkh qrqolqhdu g|qdplfv/ hvshfldoo| iru h{dplqlqj lq ghwdlo
wkh sulfh0yroxph uhodwlrqvkls +vhh ^53/ Jk|vhov0Jrxulìurx{0Mdvldn +4<<;,`,
ru wkh g|qdplfv ri h{wuhph uhwxuqv1 Zh uvw frqvlghu Pdunry surfhvvhv
dqg qh{w glvfxvv wkh jhqhudo fdvh1 Wkh wlph vhulhv ri lqwhuhvw/ ghqrwhg e|
+[|> w @ 3> 4> ===,/ pd| eh pxowlglphqvlrqdo ri glphqvlrq g> dqg lv dvvxphg
wr eh vwdwlrqdu|1
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51514 Pdunry surfhvv ri rughu rqh
Zh fdq dsso| wkh fdqrqlfdo dqdo|vlv wr d fxuuhqw dqg d odjjhg ydoxhv ri wkh
wlph vhulhv= [ @ [|/ \ @ [|31 Lq wklv iudphzrun/ wkh fdqrqlfdo ghfrp0
srvlwlrq fkdudfwhul}hv wkh zkroh glvwulexwlrq ri wkh surfhvv1 Wkhuhiruh/ d
qxpehu ri frqvwudlqwv lpsrvhg rq wklv glvwulexwlrq fdq eh hdvlo| dqdo|vhg
lq wkh iudphzrun ri wkh fdqrqlfdo ghfrpsrvlwlrq1 Iru vlpsolflw|/ zh fdoo
* +[|, > ;l  4> wkh fxuuhqw fdqrqlfdo yduldwhv/ dqg # +[|3, > ;l  4> wkh
odjjhg fdqrqlfdo yduldwhv1 Zh glvfxvv ehorz wkh uhyhuvlelolw| surshuw| dqg
lqwurgxfh d idfwru ghfrpsrvlwlrq iru uhyhuvleoh dqg luuuhyhuvleoh surfhvvhv1
Ohw xv uhfdoo wkdw d surfhvv lv uhyhuvleoh li dqg rqo| li lwv glvwulexwlrqdo
surshuwlhv duh lghqwlfdo lq wkh lqlwldo dqg lq uhyhuvhg wlph1 Zh ghgxfh wkh
iroorzlqj fkdudfwhul}dwlrq ri wkh uhyhuvlelolw| surshuw|1
Wkhruhp 516 = Xqghu dvvxpswlrq D14/ wkh vwdwlrqdu| Pdunry surfhvv lv
uhyhuvleoh li dqg rqo| li=
* @ 	 #> ;l  4=
Surri1 Wkh qhfhvvdu| sduw lv reylrxv vlqfh wkh frpsxwdwlrq lv wkh vdph lq
wkh lqlwldo dqg uhyhuvhg wlph/ dqg wkh fdqrqlfdo yduldwhv duh ghqhg xs wr
d fkdqjh ri vljq1 Frqyhuvho|/ li * @ 	 #> ;l  4> zh ghgxfh iurp +5=44,
wkdw=
















Wklv h{suhvvlrq lv v|pphwulf lq { dqg |/ vlqfh wkh pdujlqdo glvwulexwlrq
ri [ @ [|/ \ @ [|3 duh lghqwlfdo1
l, Uhyhuvleoh surfhvv
D uhyhuvleoh Pdunry surfhvv dgplwv d idfwru dxwruhjuhvvlyh uhsuhvhqwdwlrq1
Sursrvlwlrq 514 = Xqghu dvvxpswlrq D14/ d uhyhuvleoh Pdunry surfhvv fdq
eh zulwwhq dv=




zkhuh wkh ]*v surfhvvhv vdwlvi|=











Surri1 Zh kdyh wr vhohfw ]c| @ * +[|,1 Wkh ydulrxv frqglwlrqv duh wkh
frqvhtxhqfhv ri wkh Irxulhu ghfrpsrvlwlrq ri [| dqg dovr iroorz iurp wkhr0
uhp 5141
Wkh h{lvwhqfh ri d idfwru ghfrpsrvlwlrq zlwk DU+4, frpsrqhqwv kdv
douhdg| ehhq qrwhg lq wkh fdvh ri wudqviruphg jdxvvldq surfhvvhv e| ^56/
Judqjhu0Qhzerog +4<:9,`1
Uhpdun 514 = Ohw xv frqvlghu wkh olplwlqj fdvh fruuhvsrqglqj wr=  A 3>
 @ 3> ;m A 4= Wkh suhylrxv idfwru ghfrpsrvlwlrq ehfrphv=
[| @ df . d]c| . yc|>
zkhuh wkh huuru whup yc| lv d pduwlqjdoh glhuhqfh vhtxhqfh dqg wkh ]
surfhvv vdwlvhv wkh dxwruhjuhvvlyh uhodwlrq=
]c| @ ]c|3 . xc|=
Uhpdun 515 = Lq jhqhudo/ wkh huuru whupv xc| duh frqglwlrqdoo| khwhurvfhgdv0
wlf1 Pruh suhflvho|/ ohw xv lqwurgxfh wkh Irxulhu ghfrpsrvlwlrq ri wkh vtxduhg
hljhqixqfwlrqv=
*2 +[|, @ ]
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@ 3> ;l  4/ zklfk lv vdwlvhg li wkhuh h{lvwv lf> lf  4> zlwk
fc @ 3> ;l 9@ lf dqg f @ 2f1
Uhpdun 516 = Qrwh wkdw wkh idfwru ghfrpsrvlwlrq lv ydolg iru dq| wudqviru0
pdwlrq ri wkh surfhvv=




Zh gluhfwo| ghgxfh wkh suhglfwlrqv ri wkh wudqviruphg yduldeoh dw ydulrxv
krul}rqv xvlqj wkh ghfrpsrvlwlrq=
H
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Uhpdun 517 = Lq sduwlfxodu/ wkh suhylrxv uhvxow lv ydolg zkhq wkh surfhvv
+[|> w @ 3> 4> ===, frqvlvwv ri glvfuhwh wlph revhuydwlrqv rq d glxvlrq surfhvv=
g[| @  +[|,gw.  +[|, gZ|> +5145,
zkhuh +Z|> w  3, lv d pxowlglphqvlrqdo vwdqgdug eurzqldq prwlrq1 Lq wklv














dqg wdnhv wkh irup ri d glhuhqwldo rshudwru=








 +{, = +5148,
Iurp wkh qrqolqhdu fdqrqlfdo dqdo|vlv ri wkh glvfuhwh wlph vhulhv +[|>
w @ 3> 4> ===,/ zh fdq ghgxfh wkh frqglwlrqdo h{shfwdwlrq W / wkh lqqlwhvlpdo
jhqhudwru D e| +5=47,/ dqg wkh guliw dqg yrodwlolw| ixqfwlrqv e| +5=48,1 Wklv
whfkqltxh lv hvshfldoo| vlpsoh lq wkh xqlglphqvlrqdo fdvh/ vlqfh wkh frqwlq0
xrxv wlph surfhvv lv uhyhuvleoh +vhh ^59/ Kdqvhq0Vfkhlqnpdq +4<<8,`,1 Ohw
xv wdnh d forvhu orrn dw wklv fdvh1 Li / * @ 	 #> l  3 ghqrwh wkh
fdqrqlfdo ghfrpsrvlwlrq fruuhvsrqglqj wr wkh glvfuhwh wlph surfhvv/ wkh lq0
qlwhvlpdo jhqhudwru dgplwv hljhqydoxhv oq @  +vd|, zlwk fruuhvsrqglqj
hljhqixqfwlrqv *1 Wkhq/ wkh guliw dqg yrodwlolw| ixqfwlrqv fdq eh lghqwl0
hg e| frqvlghulqj wkh wzr uvw fdqrqlfdo yduldwhv vlqfh zh jhw wkh elyduldwh
v|vwhp=









@ oq * +{, >









@ oq2 *2 +{, >
zklfk pd| eh vroyhg zlwk uhvshfw wr  dqg 2 +vhh ^48/ Ghprxud +4<<6,`,1
ll, Luuhyhuvleoh surfhvv
Lq wkh luuhyhuvleoh fdvh/ d Pdunry surfhvv dovr dgplwv d idfwru ghfrpsrvlwlrq/
exw wkh idfwru g|qdplfv lv pruh frpsolfdwhg1
Sursrvlwlrq 515 = Xqghu dvvxpswlrq D14/ d Pdunry surfhvv fdq eh zulwwhq
dv=



















Surri1 Zh kdyh wr vhohfw ]c| @ * +[|, dqg ]c| @ # +[|,1 Wkh ydulrxv
frqglwlrqv duh frqvhtxhqfhv ri wkh Irxulhu ghfrpsrvlwlrq ri [| dqg ]c| @
# +[|,1 Iurp wkhruhp 514/ zh rewdlq wkh iroorzlqj g|qdplfv=
]c| @  ]c|3 . xc|>
iru wkh ]*v surfhvvhv dsshdulqj lq wkh ghfrpsrvlwlrq ri [|= Xvlqj wkh gh0





vlqfh wkh ]c| kdyh }hur phdq1 Ilqdoo|/ zh rewdlq wkh idfwru g|qdplfv
htxdwlrq1
Qrwh wkdw/ lq wklv fdvh/ wkh idfwru g|qdplfv lv dq lqqlwh dxwruhjuhvvlyh
surfhvv ri rughu rqh1
Uhpdun 518 = Ohw xv qrz frqvlghu wkh olplwlqj fdvh fruuhvsrqglqj wr=  A
3>  @ 3> ;m A 4= Wkhuhiruh/ wkh idfwru ghfrpsrvlwlrq ehfrphv=
[| @ df . d]c| . yc|>
]c| @  ]c|3 . xc|>
dqg
]c| @ e]c| .zc|>
zkhuh wkh huuru whupv yc| dqg zc| duh pduwlqjdoh glhuhqfh vhtxhqfhv re0
wdlqhg e| djjuhjdwlqj wkh hhfwv ri wkh ]c| yduldeohv iru m  51 Wkhuhiruh/
wkh g|qdplfv ri wkh ] surfhvv vdwlvhv wkh DUPD+4/4,0w|sh uhodwlrq=
]c| @ e]c|3 . xc| . zc|3=
51515 Qrqolqhdu dxwrfruuhorjudp
Lq wkh jhqhudo fdvh/ zh fdq dsso| qrqolqhdu fdqrqlfdo dqdo|vlv wr frqvwuxfw
qrqolqhdu dxwrfruuhorjudpv dv vxjjhvwhg lq ^54/ Jrxulìurx{0Mdvldn +4<<;,`1
E| fkrrvlqj [ @ [|/ \ @ [|3 zlwk k ydu|lqj/ zh frqvwuxfw d elyduldwh
vhtxhqfh ri vshfwudo ghfrpsrvlwlrqv= c/ *c/ #c> l> k  4/ dqg h{dplqh
<
krz wkh hljhqydoxhv dqg hljhqixqfwlrqv ghshqg rq wkh odj1 Wkh frpsdulvrq
ri wkh fdqrqlfdo yduldwhv dw glhuhqw odjv lv dq h{whqvlrq ri wkh frpsdulvrq
ri qrqolqhdu h{shfwdwlrqv H ^\| m \|3` > k ydu|lqj/ yduldqfhv Y ^\| m \|3` >
k ydu|lqj/ ru elyduldwh klvwrjudpv i +\|> \|3, > k ydu|lqj/ sursrvhg lq ^7;/
Wrqj +4<<6,/ s1 69706:7`1
Wkh idfwru ghfrpsrvlwlrqv lqwurgxfhg deryh fdq eh xvhg wr frpsduh
wkh olqhdu dqg qrqolqhdu suhglfwlrqv ri d uhyhuvleoh pdunry surfhvv +vhh ^4:/
Grqhovrq0Pdw} +4<:5,`/ ^56/ Judqjhu0Qhzerog +4<:9,` iru qrqolqhdu wudqv0
irupdwlrqv ri jdxvvldq surfhvvhv,1 Lqghhg/ ohw xv frqvlghu wkh idfwru ghfrp0





Wkh qrqolqhdu suhglfwlrq lv= H ^[| m [|3` @S"'f d* +[|3, >zkhuhdv






d2 = Wkh olqhdu suh0
glfwlrq lv=
|3 a[| @ df . ( +4, +[|3  df, >






























 Y@ +, A 3> zkhuh Y@ +, lv
wkh yduldqfh ri wkh fdqrqlfdo fruuhodwlrqv  frpsxwhg zlwk wkh zhljkwv d1
Ilqdoo|/ lw lv lqwhuhvwlqj wr qrwh wkdw wkh qrqolqhdu fdqrqlfdo dqdo|vlv lv
dovr vxlwdeoh iru ghqvlw| iruhfdvwlqj +vhh ^57/ Judqjhu0Shvdudq +4<<9,`/ ^49/
Glherog0Jxqwkhu0Wd| +4<<:,`,/ vlqfh lq wkh uhyhuvleoh fdvh/ wkh fdqrqlfdo
glvwulexwlrq ri [|n jlyhq [| lv=






Wkh fdqrqlfdo yduldwhv kdyh ehhq ixoo| ghvfulehg iru jdxvvldq yhfwruv +vhh
^7/ Eduuhww0Odpsdug +4<88,`/ ^84/ Zlhqhu +4<8;,/ ohfwxuh 8`/ ^86/ Zrqj0
Wkrpdv +4<95,`/ ^4/ Deudprzlw}0Vwhjxq +4<98,/ irupxod 591615<`/ ^69/ Qhyhx
+4<9;,`,1 Zh vxppdul}h ehorz wkh pdlq uhvxowv1
Sursrvlwlrq 516 = Li +[>\ , lv d elglphqvlrqdo jdxvvldq yhfwru zlwk }hur






zlwk   3/ lwv fdqrqlfdo fruuhodwlrqv duh  @ / l  4/ dqg wkh fruuhvsrqg0
lqj fdqrqlfdo yduldwhv duh=















+l 5p,$ p$ 56 +4,
6 {326=
Wkh uvw Khuplwh sro|qrpldov duh= K +{, @ {/ K2 +{, @ {2  4/
K +{, @ { . 6{= Iru d qhjdwlyh dxwrfruuhodwlrq/ zh kdyh rqo| wr uhsodfh
\ e| \ wr ghgxfh wkdw wkh fdqrqlfdo fruuhodwlrqv duh  @ mm > zkhuhdv















/ xs wr d
mrlqw fkdqjh ri vljq1
Wkh surshuw| deryh fdq eh xvhg wr fkhfn li d jlyhq xqlglphqvlrqdo
surfhvv lv jdxvvldq1 Lqghhg/ li wkh surfhvv lv jdxvvldq zlwk }hur phdq dqg
dxwrfruuhodwlrq ixqfwlrq  +k, =
l, wkh fdqrqlfdo fruuhodwlrqv duh jhrphwulfdoo| ghfuhdvlqj iru dq| odj=





ll, wkh fxuuhqw dqg odjjhg fdqrqlfdo yduldwhv *c/ #c> duh htxdo dqg
lqghshqghqw ri wkh odj/ xs wr d fkdqjh ri vljq ri wkh dujxphqw li  +k,
lv qhjdwlyh1 Xs wr wkh fkdqjhv ri vljq/ wkh| frlqflgh zlwk wkh Khuplwh
sro|qrpldov1
Wkh uvw frqglwlrq kdv ehhq sursrvhg xqghu dq htxlydohqw irup dv d
whvw iru jdxvvldqlw| e| ^56/ Judqjhu0Qhzerog +4<:9,`1 Lqghhg/ zh kdyh wkh
fruroodu| ehorz1
Fruroodu| 515 = Li +[|> w @ 3> 4> ===, lv dq xqlglphqvlrqdo jdxvvldq surfhvv
zlwk dxwrfruuhodwlrq ixqfwlrq  +k,/ wkhq wkh dxwrfruuhodwlrq ixqfwlrq ri wkh
surfhvv +KR +[|, > w @ 3> 4> ===, > s 5 QW/ lv=
ER +k, @ ^ +k,`R =
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6 Vwdwlvwlfdo Lqihuhqfh
Lq sudfwlfh/ wkh glvwulexwlrq ri wkh sdlu +[>\ , lv qrw nqrzq dqg wkh wkhr0
ulwlfdo fdqrqlfdo dqdo|vlv ghvfulehg lq vhfwlrq 5 fdqqrw eh shuiruphg1 Krz0
hyhu/ zh fdq dssur{lpdwh wkh fdqrqlfdo ghfrpsrvlwlrq li vrph revhuydwlrqv
+[?> \?,/ q @ 4> ===>Q ri +[>\ , duh dydlodeoh1 Zh dvvxph=
Dvvxpswlrq D15 = Wkh vhtxhqfh +[?> \?,/ q  4> lv d vwdwlrqdu| surfhvv/
zkrvh pdujlqdo glvwulexwlrq frlqflghv zlwk wkh glvwulexwlrq ri +[>\ , =
Wkh uhvxowv zloo eh lq sduwlfxodu dssolhg wr d vwdwlrqdu| wlph vhulhv +[|>
w @ 3> 4> ===, revhuyhg xqwlo gdwh W / zlwk [? @ [|/ \? @ [|3= Hdfk yhfwru
lv dvvxphg wr eh ri glphqvlrq g=
614 Wkh hvwlpdwruv
D qdwxudo lghd lv wr uhsodfh wkh lqlwldo rswlpl}dwlrq sureohp +5=4, e| lwv
hpslulfdo frxqwhusduw/ l1h1 wr uhsodfh wkh lqqhu surgxfw k* +[, > # +\ ,l @
H ^* +[,# +\ ,` e| wkh hpslulfdo furvv prphqw 

S
?'* +[?,# +\?,1 Krz0
hyhu/ wkh hpslulfdo rshudwruv gW WW dqg gWW W gr qrw frqyhujh wr wkhlu wkhr0
ulwlfdo frxqwhusduw1 Wklv frqyhujhqfh sureohp pd| eh vroyhg e| uhsodflqj
wkh rshudwruv e| wkhlu uhvwulfwlrqv wr vrph qlwh glphqvlrqdo vxevsdfhv ri
O2 +[, dqg O2 +\ , zkrvh glphqvlrq lqfuhdvhv zlwk wkh qxpehu ri revhu0
ydwlrqv +vhh ^5:/ Kdqvhq0Vfkhlqnpdq0Wrx}l +4<<;,`/ ^43/ Gduroohv0Ioruhqv0
Uhqdxow +4<<;,`/ ^</ Fkhq0Kdqvhq0Vfkhlqnpdq +4<<;,`,1 Lq rxu dssurdfk/ zh
frqvlghu lqvwhdg d nhuqho edvhg dssur{lpdwlrq ri wkh ghqvlw| lq wkh rswlpl}d0
wlrq sureohp |lhoglqj wr rshudwruv zlwk d qlwh vshfwuxp zkrvh glphqvlrq
lv htxdo wr wkh qxpehu ri revhuydwlrqv1 Li wkh glvwulexwlrq ri +[>\ , lv frq0
wlqxrxv zlwk d suredelolw| glvwulexwlrq ixqfwlrq i +{> |, > wkh lqqhu surgxfw
ehfrphv=
k* +[, > # +\ ,l @
] ]
* +{,# +|, i +{> |, g{g|= +614,
Ohw xv lqwurgxfh wzr nhuqhovN/ N2 ghqhg rqU_> wkh xqnqrzq ghqvlw|
ixqfwlrq fdq eh dssur{lpdwhg e| +vhh ^6</ Urvhqeodww +4<89,`,=




















zkhuh k > k2 duh wkh edqgzlgwkv dvvrfldwhg zlwk wkh wzr frpsrqhqwv1
Wkhq/ zh frqvlghu wkh fdqrqlfdo ghfrpsrvlwlrq ac > a*c / a#c > l  3> diwhu
uhsodflqj lq wkh rswlpl}dwlrq sureohp +5=4, wkh lqlwldo lqqhu surgxfw e|=
k* +[, > # +\ ,l @
] ]
* +{,# +|, ai +{> |, g{g|= +616,
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Lq wklv dssur{lpdwhg h{suhvvlrq/ ai kdv wr vdwlvi| wkh surshuwlhv ri d
ghqvlw| ixqfwlrq/ iru dq| Q> wr hqvxuh wkh ydolglw| ri wkh fdqrqlfdo dqdo|vlv1
Wklv mxvwli| wkh qh{w dvvxpswlrq1
Dvvxpswlrq D16 = Wkh nhuqhov N/ N2 duh qrq qhjdwlyh/ zlwk xqlw pdvv1
Ilqdoo|/ qrwh wkdw wkh lqlwldo dqg dssur{lpdwhg rswlpl}dwlrq sureohpv
duh qrw ghqhg rq wkh vdph vsdfhv ri ixqfwlrqv1 Lqghhg/ wkh dssur{lpdwhg
rswlpl}dwlrqv lqyroyh wkh vsdfhv O2 +[, > O
2
 +\ , ri vtxduh lqwhjudeoh ixqf0
wlrqv zlwk uhvshfw wr ai = Zh fdq hdvlo| vhh wkdw d ixqfwlrq * lv vtxduh










g{ ? .4> q @ 4> ===>Q=
Vlqfh wkh revhuydwlrqv fdq wdnh dq| ydoxh iurp wkh vxssruw ri wkh pdu0














g{ ? .4>;k A 3>;{ 5 vxss i
$
=
Wkh vsdfh O2g2 +\ , lv ghqhg dffruglqjo|1 Wkh olqnv ehwzhhq wkh vsdfhv
O2g +[, dqg O
2 +[, +O2g2 +\ , dqg O
2 +\ , uhvshfwlyho|, zloo lqyroyh wkh uh0
vshfwlyh wdlov ri wkh nhuqhov N> N2 dqg wkh s1g1i1 i 1 Lqwxlwlyho|/ zh kdyh
wr vhohfw nhuqhov zlwk udwkhu wklq wdlov wr eh vxuh wkdw O2g +[, lqfoxghv wkh
wkhruhwlfdo fdqrqlfdo yduldwhv ri lqwhuhvw +vhh Dvvxpswlrq D148,1
Xvlqj wkh ghqlwlrq ri ai / zh pd| dovr lqwurgxfh wkh dvvrfldwhg hvwl0
pdwhg frqglwlrqdo h{shfwdwlrq rshudwruv=
aW* +|, @
U
* +{, ai +{> |,g{U ai +{> |, g{ > +617,
aW W# +{, @
U
# +|, ai +{> |, g|U ai +{> |,g| > +618,
zklfk duh wkh Qdgdudk|d0Zdwvrq hvwlpdwruv ri wkh fruuhvsrqglqj uhjuhvvlrq
ixqfwlrqv1
615 Qxphulfdo lpsohphqwdwlrq
Wkhuh h{lvw ydulrxv qxphulfdo phwkrgv iru ghulylqj dffxudwh dssur{lpdwlrqv
ri wkh s uvw hohphqwv ri wkh hvwlpdwhg fdqrqlfdo ghfrpsrvlwlrq1 Zh fdq iru
lqvwdqfh frqvlghu wkh uhvwulfwlrq olplwlqj wkh grpdlq ri wkh rshudwru aW wr
qlwh glphqvlrqdo vxevsdfhv ri O2 +[, dqg O2 +\ ,/ zlwk uhvshfwlyh glphq0
vlrqv P dqg P21 Wklv uhvwulfwhg rshudwru pd| eh zulwwhq lq d pdwul{ irup
ri vl}h P P2> dqg wkh vshfwudo ghfrpsrvlwlrq ri wklv pdwul{ lv rewdlqhg
46
e| d vwdqgdug dojrulwkp/ vxfk dv wkh srzhu phwkrg +vhh ^85/ Zlonlqvrq0
Uhlqvfk +4<:4,`/ ^55/ Jrxuod|0Zdwvrq +4<:6,`,/ ru wkh el0lwhudwlrq phwkrg
gxh wr Edxhu dqg dgdswhg wr v|pphwulf srvlwlyh ghqlwh pdwulfhv e| ^76/
Uxwlvkdxvhu +4<9<,`1 Lw lv lpsruwdqw wr qrwh wkdw wkh glphqvlrqvP dqgP2
fdq eh fkrvhq duelwudulo| dqg duh qrw uhodwhg wr wkh qxpehu ri revhuydwlrqv1
Wklv lv wkh dgydqwdjh ri surmhfwlqj rq qlwh vxevsdfhv diwhu wkh nhuqho hvwl0
pdwlrq ri wkh rshudwruv/ frpsduhg wr ghqlqj wkh hvwlpdwruv gluhfwo| iurp
surmhfwlrqv +^5:/ Kdqvhq0Vfkhlqnpdq0Wrx}l +4<<;,`/ ^43/ Gduroohv0Ioruhqv0
Uhqdxow +4<<;,`/ ^</ Fkhq0Kdqvhq0Vfkhlqnpdq +4<<;,`,1
Vrph ri wkh qxphulfdo dssurdfkhv fdq eh gluhfwo| dssolhg wr wkh hvwl0
pdwhg lqqlwh glphqvlrqdo rshudwru lwvhoi1 Iru lqvwdqfh/ ohw xv frqvlghu wkh
ghwhuplqdwlrq ri ac > a*c / rqfh ac > a#c > m  l  4 kdyh ehhq ghulyhg1













=Zh fdq fkrrvh dq lqlwldo ixqfwlrq * +vd|, lq wklv vxevsdfh/ dqg
wkhq frpsxwh uhfxuvlyho|=
*& @ aW W aW*
&3=
















Wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwhg fdqrqlfdo ghfrpsrvlwlrq kdyh
ehhq vwxglhg lq wkh olqhdu fdvh iru yhfwruv +^6/ Dqghuvrq +4<96,`, dqg fxuyhv
+^47/ Gdx{rlv0Srxvvh0Urpdlq +4<;5,`/ ^6;/ Ulfh0Vloyhupdq +4<<4,`/ ^79/ Vlo0
yhupdq +4<<9,`,1 Lq rxu qrqolqhdu iudphzrun/ wkh| kdyh wr eh ghgxfhg iurp
wkh dv|pswrwlf surshuwlhv ri wkh nhuqho ghqvlw| hvwlpdwru1
61614 Surshuwlhv ri wkh nhuqho ghqvlw| hvwlpdwru
Wkhvh surshuwlhv duh vwdqgdug1 Zh uvw ghvfuleh wkh xqlirup vwurqj frqvlv0
whqf| surshuwlhv dqg wkhq glvfxvv d ixqfwlrqdo fhqwudo olplw wkhruhp1 Wkh
surri ri wkh wzr wkhruhpv ehorz duh ghgxfhg iurp uhvxowv e| ^74/ Urxvvdv
+4<;;,`/ ^9/ Ervt +4<<9,` dqg dgdswhg wr wkh fdvh ri d frpsdfw vhw ri ydoxhv1
Zh frqvlghu wkh iroorzlqj dvvxpswlrqv1
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Dvvxpswlrq D17 = Wkh yduldeohv [ dqg \ wdnh ydoxhv lq wkh vdph frpsdfw
vhw [ U_/ [ @^3> 4`_ vd|1
Wkh frpsdfwqhvv dvvxpswlrq lv qrw uhvwulfwlyh1 Lqghhg/ lw lv dozd|v srv0
vleoh wr wudqvirup wkh lqlwldo gdwd e| d rqh wr rqh wudqvirup rqwr d frpsdfw
vhw/ vlqfh wkh fdqrqlfdo dqdo|vlv sulru wr wudqvirupdwlrq lv hdvlo| ghgxfhg
iurp wkh fdqrqlfdo dqdo|vlv ri wkh wudqviruphg gdwd1
Dvvxpswlrq D18 = Wkh suredelolw| ghqvlw| ixqfwlrq i lv frqwlqxrxv rq
[ 2 @ ^3> 4`2_1
Dvvxpswlrq D19 = Wkh vwulfwo| vwdwlrqdu| vhtxhqfh +[?> \?, lv jhrphwul0
fdoo| vwurqj pl{lqj/ l1h1 zlwk 0pl{lqj frh!flhqwv4 vxfk wkdw=
&  ff&>
iru vrph {hg ff A 3 dqg 3   ? 4=
Dvvxpswlrq D1: = Wkh nhuqhov N /l @ 4> 5> duh=
l, erxqghg/
ll, v|pphwulf/
lll, ri rughu5 5/
ly, Olsvfklw}ldq/
y, dqg vdwlvi| olp88<" nxn_N +x, @ 3> l @ 4> 5=
Wkh iroorzlqj dvvxpswlrq frqfhuqv wkh fkrlfh ri wkh edqgzlgwkv k >
l @ 4> 5=




$ .4> l @ 4> 5=
Khqfh/ iurp ^74/ Urxvvdv +4<;;,/ wkhruhp 614`/ ^9/ Ervt +4<<9,/ wkhruhp
515`/ zh jhw wkh iroorzlqj surshuw|1




 E K 3  E E c & D 
5Wkh nhuqho g lv ri rughu o li=
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_ g E% _% ' f
Qrwh wkdw/ li g dqg g2 duh ri rughu o/ wkhq gg2 lv dovr ri rughu o
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Wkhruhp 617 = Xqghu dvvxpswlrqv D150D1;/ wkh nhuqho hvwlpdwru ri wkh
s1g1i1 lv xqlirupo| vwurqjo| frqvlvwhqw=
vxs
E%c+Mc2
 ai +{> |, i +{> |,$ 3 d=v==
Zh fdq ghgxfh d xqlirup frqvlvwhqf| surshuw| ri lqwhjudov zlwk uhvshfw
wr ai 1 Ohw xv lqwurgxfh wkh dgglwlrqdo dvvxpswlrq1
Dvvxpswlrq D1< = Wkh suredelolw| ghqvlw| ixqfwlrq i lv erxqghg iurp ehorz
e| % A 31
Vxfk dvvxpswlrq lq qrz vwdqgdug lq wkh qrqsdudphwulf olwhudwxuh1 Li wkh
ghqvlw| ixqfwlrq zhuh nqrzq/ lw zrxog eh vx!flhqw wr wudqvirup wkh gdwd e|
wkh fxpxodwlyh ghqvlw| ixqfwlrq/ vlqfh wkh wudqviruphg gdwd zrxog iroorz wkh
xqlirup glvwulexwlrq rq wkh frpsdfw vhw [ @^3> 4`_ = Ri frxuvh/ lq sudfwlfh/
zh gr qrw nqrz wkh suredelolw| ghqvlw| ixqfwlrq jhqhudwlqj wkh gdwd dqg dq
dssursuldwh rqh wr rqh wudqvirupdwlrq lv pruh gl!fxow wr qg1
Wkhruhp 618 = Xqghu dvvxpswlrqv D150D1</] ]
j +{> |, ai +{> |,g{g|>
frqyhujhv d1v1 xqlirupo| wr] ]
j +{> |, i +{> |,g{g|>
iru dq| ixqfwlrq j lq J @ ij = U U mj +{> |,m i +{> |, g{g|  4j =
Surri1 Vhh Dsshqgl{ E1
Ohw xv qrz frqvlghu wkh dv|pswrwlf glvwulexwlrq dqg wkh dvvxpswlrqv
ehorz +vhh ^9/ Ervt +4<<9,`,1
Dvvxpswlrq D143 = Wkh s1g1i1 i|c|2c|c|e ri i+[| > \|, > +[|2 > \|2, > +[| > \|, >
+[|e > \|e,j h{lvwv iru dq| w ? w2 ? w ? we> dqg vxs|	|2	|	|e ni|c|2c|c|en" ?
4=
Dvvxpswlrq D144 = Wkh s1g1i1 i|c|2 ri i+[| > \|, > +[|2> \|2,j vdwlvhv
vxs|	|2 ni|c|2  i  in" ?4> zkhuh ii ghqrwhv wkh surgxfw ri pdujlqdo
s1g1i1 ri +[| > \|, > l @ 4> 5=
Dvvxpswlrq D145 = Wkh s1g1i1 i lv wzlfh frqwlqxrxvo| glhuhqwldeoh rq
`3> 4^2_/ dqg wkhuh h{lvwv e vxfk wkdw nin" ? e dqg
i E2" ? e1
Dvvxpswlrq D146 = Dv Q $ 4> k $ 3> Qk_ $ 4> Qk_ne $ 3>
l @ 4> 5=
Khqfh/ iurp ^9/ Ervt +4<<9,/ wkhruhp 516`/ zh jhw wkh iroorzlqj fhqwudo
olplw wkhruhp1
49
Wkhruhp 619 = Xqghu dvvxpswlrqv D150D1:/ D1430D146/ iru dq| +{> |, 5





ai +{> |, i +{> |,
l
g|
_$Q +3>Z +{> |,, >





Lq wkh vhfwlrqv ehorz/ zh qhhg fhqwudo olplw wkhruhpv iru vshflf wudqv0
irupdwlrqv ri wkh nhuqho ghqvlw| hvwlpdwru1
Wkhruhp 61: = Xqghu dvvxpswlrqv D150D1:/ D1430D146/






ai +{> |, i +{> |,
l
g{g|
_$Q +3> Y , >
zkhuh Y @
["
&'3"Fry +j +[?> \?, > j +[?n&> \?n&,, =





ai +{> |, i +{> |,
l
g|
_$Q +3>Z +{,, >




j2 +{> |, i +{> |, g|=
61615 Frqvlvwhqf| ri wkh hvwlpdwhg fdqrqlfdo dqdo|vlv
Zh duh frqfhuqhg e| wkh frqvlvwhqf| ri wkh s uvw hvwlpdwhg fdqrqlfdo fru0
uhodwlrqv dqg fdqrqlfdo yduldwhv/ l1h1 wkhlu frqyhujhqfh wr wkhlu wkhruhwlfdo
frxqwhusduwv1 Zh qhhg uvw wr lqwurgxfh vrph lghqwldelolw| frqglwlrqv1 Dv0
vxpswlrq D14 lv dq lghqwldelolw| frqglwlrq iru wkh fdqrqlfdo fruuhodwlrqv1
Dqrwkhu lghqwldelolw| dvvxpswlrq kdv wr eh lqwurgxfhg iru wkh fdqrqlfdo
yduldwhv/ zklfk duh ghqhg xs wr d fkdqjh ri vljq1
Dvvxpswlrq D147 = Wkhuh h{lvwv d ydoxh {f vxfk wkdw * +{f, 9@ 3>
m @ 4> ===> s=
Khqfh/ zh vhohfw wkh sdlu ri fdqrqlfdo yduldwhv zlwk a* +{f, A 3> * +{f, A
3> m @ 4> ===> s=Pruhryhu/ wkh ixqfwlrqdo sdudphwhuv ri lqwhuhvw kdyh wr ehorqj
wr wkh dgplvvleoh ydoxhv ri wkh dvvrfldwhg hvwlpdwruv1
Dvvxpswlrq D148 = Wkh fdqrqlfdo yduldwhv * dqg # duh vxfk wkdw=
l, * 5 O2g +[, > l @ 4> ===> s=
ll, # 5 O2g2 +\ , > m @ 4> ===> s=
4:
Wkhruhp 61; = Xqghu wkh lghqwlfdwlrq frqglwlrqv D14/ D147/ wkh hvwlpd0
elolw| frqglwlrq D148 dqg wkh dvvxpswlrqv ri Wkhruhp 618/ ac > a*c / a#c >
l @ 4> ===> s frqyhujh wr wkhlu wkhruhwlfdo frxqwhusduwv lq wkh vhqvh=
ac $
<"
 d=v=] a*c +{, * +{,2 i +{> =, g{ $
<"
3 d=v=>] a#c +|,# +|,2 i +=> |, g| $
<"
3 d=v=>
Surri1 Vhh Dsshqgl{ F14
Uhpdun 619 = Wkh frqyhujhqfh uhvxow ri wkh fdqrqlfdo fruuhodwlrqv lv hdv0
lo| xqghuvwrrg1 Lqghhg/ xqghu dvvxpswlrqv D50D</ wkh rshudwruv aW frq0
yhujh d1v1 xqlirupdo| wr wkh frqglwlrqdo h{shfwdwlrq rshudwru W= Iurp ^4;/
Gxqirug0Vfkzduw} +4<96,/ fkdswhu [L`/ zh ghgxfh wkdw wkh fdqrqlfdo fruuhod0
wlrqv ac > l @ 4> 5> === frqyhujh d1v1 xqlirupdo| wr > l @ 4> 5> ===1 Krzhyhu/
wklv xqliruplw| zlwk uhvshfw wr wkh rughu ri wkh fdqrqlfdo dqdo|vlv lv qrw ydolg
zkhq zh frqvlghu wkh fdqrqlfdo yduldwhv +vhh ^46/ Gdx{rlv0Qnlhw +4<<;,/ uh0
pdun 814`,1
61616 Dv|pswrwlf glvwulexwlrqv
Wkh frqyhujhqfh surshuwlhv ri wkh hvwlpdwhg fdqrqlfdo fruuhodwlrqv dqg fdqrq0
lfdo yduldwhv xqghu wkh lghqwlfdwlrq frqglwlrqv D14/ D147 doorz xv wr h{sdqg
wkh uvw rughu frqglwlrqv1 Wkhvh frqglwlrqv duh ri wkh vdph w|sh iru wkh hv0
wlpdwruv

ac > a*c >
a#c

> l ydu|lqj1 Zh suhvhqw wkh fdvh l @ 41 Zh
fdq gluhfwo| frqvlghu wkh sdlu  @ 
2
/ * dqg lwv hvwlpdwhg frxqwhusduw
ac @ a
2
c / a*c = Wkh sdlu +> *, vdwlvhv=]
* +|, f +{> |, g| @ * +{, > +61:,]
*2 +{, i +{> =,g{ @ 4>
zkhuh f +{> |, @
]






a*c +|, af +{> |, g| @ ac a*c +{, > +61;,]
a*2c +{, i +{> =, g{ @ 4>
zkhuh af +{> |, @
]
ai +|> }, ai +{> }, @





























































ai +{> =, i +{> =,
l
g{=
Surri1 Vhh Dsshqgl{ F15
Wkhruhp 6143 = Xqghu dvvxpswlrqv D140D148/
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ll, Wkh dv|pswrwlf glvwulexwlrqv ri a*c / l @ 4> ===> s duh=t
Qk_

a*c +{, * +{,









N2 +x,gx Y ^# +\ , m [ @ {` =
4<
lll, Wkh dv|pswrwlf glvwulexwlrqv ri a#c / l @ 4> ===> s duh=t
Qk_2

a#c +|, # +|,









N22 +x, gx Y ^* +[, m \ @ |` =
Surri1 Vhh Dsshqgl{ F16
Uhpdun 61: Wkh dv|pswrwlf yduldqfh Z +{, ri a*c frlqflgh zlwk wkh dv0
|pswrwlf yduldqfh ri wkh Qdgdud|kd0Zdwvrq hvwlpdwru ri 
b
H ^# +\ , mZ `/
zklfk fruuhvsrqgv wr wkh lqwhusuhwdwlrq ri wkh fdqrqlfdo yduldwh dv frqgl0
wlrqdo h{shfwdwlrq1
Uhpdun 61; Wkhruhp 61< fdq dovr eh xvhg wr jhw wkh mrlqw glvwulexwlrqv
ri hlwkhu wzr fdqrqlfdo fruuhodwlrqv/ ru wzr fdqrqlfdo yduldwhv ri glhuhqw
rughuv1 Iru lqvwdqfh/ zh jhw wkh dv|pswrwlf qrupdolw| iru=t
Qk_

a*c +{, * +{, > a*c +{, * +{,

















N2 +x, gx fry
k
# +\ , > # +\ , m [ @ {
l
=
Lw kdv wr eh qrwhg wkdw wkh hvwlpdwhg fdqrqlfdo yduldwhv duh jhqhudoo|
fruuhodwhg1
617 Uhyhuvlelolw| surshuw|
Xqghu wkh uhyhuvlelolw| k|srwkhvlv/ zh fdq shuirup wkh frqvwudlqhg fdqrqlfdo
dqdo|vlv1 Iurp wkh frpsdulvrq ri wkh frqvwudlqhg dqg xqfrqvwudlqhg hvwlpd0
wruv/ zh jhw vrph lqvljkwv iru whvwlqj wkh uhyhuvlelolw| k|srwkhvlv1 Xqghu wkh
k|srwkhvlv ri uhyhuvlelolw|/ wkh glvwulexwlrq ri +[>\ , dqg +\>[, frlqflgh/
l1h1 wkh s1g1i1 i +{> |, lv v|pphwulf lq { dqg |1 Khqfh/ zh fdq lqwurgxfh d
nhuqho hvwlpdwru ri wkh ghqvlw| wdnlqj lqwr dffrxqw wklv v|pphwu| frqvwudlqw1
Iru wklv sxusrvh/ zh vhohfw lghqwlfdo nhuqhov N @ N2 @ N dqg edqgzlgwkv
k @ k2 @ k / zkhuhdv zh duwlfldoo| grxeoh wkh vl}h ri wkh vdpsoh e|
frqvlghulqj +[> \, > +\>[, > l @ 4> ===>Q 1 Wkh frqvwudlqhg nhuqho hvwlpdwru
ri wkh ghqvlw| lv=































Khqfh/ zh uhsodfh lq wkh lqlwldo fdqrqlfdo dqdo|vlv +5=4, wkh lqqhu surgxfw
e|=
k* +[, > # +\ ,l- @
] ]
* +{,# +|, ai- +{> |,g{g|= +6143,
Wkh frqvwudlqhg hvwlpdwruv ri wkh fdqrqlfdo fruuhodwlrqv dqg fdqrqlfdo







c > l  3= Zh jlyh ehorz wkh mrlqw
dv|pswrwlf surshuwlhv ri wkh frqvwudlqhg fdqrqlfdo dqdo|vlv xqghu wkh qxoo
k|srwkhvlv ri uhyhuvlelolw|1
Wkhruhp 6144 = Xqghu wkh dvvxpswlrqv ri wkhruhp 61;/ dqg li wkh uh0
yhuvlelolw| k|srwkhvlv lv vdwlvhg=
l, a
-
c > l @ 4> ===> s frqyhujh d1v1 wr wkhlu wkhruhwlfdo frxqwhusduwv/ zkhuhdvU a*-c +{, * +{,2 i +{> =,g{ $
<"
3 d=v=> l @ 4> ===> s1














. r +4, >t
Qk_
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ai- +{ m |, i +{ m |,
l
g{=
Surri1 Wkh surri ri frqvlvwhqf| lv vlplodu wr wkh surri jlyhq iru wkhruhp
61;/ zkhuhdv wkh dv|pswrwlf h{sdqvlrqv duh ghyhorsshg lq dsshqgl{ F171
Khqfh/ zh ghgxfh wkh fruuhvsrqglqj iroorzlqj dv|pswrwlf glvwulexwlrqv1
Wkhruhp 6145 = Xqghu dvvxpswlrqv D140D148/ dqg li wkh uhyhuvlelolw| k|0
srwkhvlv lv vdwlvhg/
l, wkh dv|pswrwlf glvwulexwlrqv ri a
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* +[?,* +\?, *2 +\?, >




ll, Wkh dv|pswrwlf glvwulexwlrqv ri a*-c > l @ 4> ===> s duh=t
Qk_

















N2 +x,gx Y ^* +\ , m [ @ {` =
Surri1 Vhh Dsshqgl{ F18
618 Frpsdulvrq ri wkh frqvwudlqhg dqg xqfrqvwudlqhg hvwl0
pdwruv
Xqghu wkh qxoo k|srwkhvlv ri uhyhuvlelolw|/ zh fdq frpsduh wkh dv|pswrwlf
surshuwlhv ri wkh frqvwudlqhg dqg xqfrqvwudlqhg hvwlpdwruv ri wkh fdqrqlfdo
fruuhodwlrqv dqg fdqrqlfdo yduldwhv1 Wkh glhuhqfh ehwzhhq wkhvh wzr w|shv
ri hvwlpdwruv fdq eh xvhg wr frqvwuxfw whvwlqj surfhgxuhv ri wkh uhyhuvlelolw|
k|srwkhvlv1
61814 Fdqrqlfdo fruuhodwlrqv
Xqghu wkh qxoo k|srwkhvlv/ wkh xqfrqvwudlqhg hvwlpdwru ri  kdv dq dv|ps0





























Wkh wzr hvwlpdwruv kdyh wkh vdph dv|pswrwlf suhflvlrq/ dqg wkhlu gli0





Xqghu wkh uhyhuvlelolw| k|srwkhvlv/ zh kdyh=t
Qk_



















iurp wkhruhp 6145 dqg dsshqgl{ F=7 +irupxod +F=48,,1 Pruhryhu/ xqghu










































 ai +=> |,  ai- +=> |,
l
>
lv d vlpsoh olqhdu wudqvirupdwlrq ri wkh glhuhqfh ehwzhhq wkh frqvwudlqhg
dqg xqfrqvwudlqhg hvwlpdwruv ri wkh s1g1i1 Zh fdq qrwh +vhh wkhruhpv 6143
dqg 6145, wkdw xqghu wkh qxoo k|srwkhvlv/ wkh dv|pswrwlf yduldqfh ri a*-c +|,
lv kdoi wkh dv|pswrwlf yduldqfh ri a*c +|,1 D vlpsoh frpsxwdwlrq vkrzv wkdw/
xqghu wkh qxoo k|srwkhvlv/ zh kdyh=t
Qk_
















Lq wklv vhfwlrq/ zh surylgh wzr looxvwudwlrqv ri wkh suhylrxv dssurdfk1 Wkh
uvw rqh lv edvhg rq dq duwlfldo gdwdvhw frqvlvwlqj ri vlpxodwhg uhdol}dwlrqv
ri dq Ruqvwhlq0Xkohqehfn surfhvv1 Wklv lv d Pdunry uhyhuvleoh surfhvv sur0
ylglqj d edvlv iru d frpsdulvrq ri glhuhqw hvwlpdwlrq whfkqltxhv1 Wkh vhf0
rqg h{dpsoh lqyroyhv kljk iuhtxhqf| gdwd rq uhwxuqv rq wkh Dofdwho vwrfn
wudghg rq wkh Sdulv0Erxuvh1 Wkh qrqolqhdu fdqrqlfdo dqdo|vlv ri wklv vh0
ulhv vkrzv wkdw lwv g|qdplfv lv qrw frpsdwleoh zlwk dq xqghuo|lqj glxvlrq
prgho1
714 Ruqvwhlq0Xkohqehfn surfhvv
Zh frqvlghu d frqwlqxrxv wlph surfhvv +[|> w  3, vdwlvi|lqj wkh vwrfkdvwlf
glhuhqwldo htxdwlrq=
g[| @  +[|, gw. gZ|= +714,
56
Lw lv zhoo nqrzq wkdw wklv htxdwlrq kdv d vwdwlrqdu| jdxvvldq vroxwlrq1 Pruh0
ryhu/ wkh dvvrfldwhg glvfuhwh wlph surfhvv kdv d olqhdu dxwruhjuhvvlyh uhsuh0
vhqwdwlrq ri rughu rqh/ zlwk d srvlwlyh dxwruhjuhvvlyh frh!flhqw1 Wkhuhiruh/
wkh fdqrqlfdo yduldwhv * @ # duh wkh Khuplwh sro|qrpldov/ xs wr d fkdqjh
ri vljq/ dqg wkh fdqrqlfdo fruuhodwlrqv duh  @ h{s+l,> l  3=
Iljxuh 714= Vlpxodwhg Wudmhfwru|
Zh vlpxodwh d sdwk +[|> w @ 4> 5> ===> W , ri ohqjwk W @ 5833/ ri wkh
prgho zlwk sdudphwhu ydoxhv=  @ 3/  @ 3=;/  @ 3=81 Wklv sdwk lv
sorwwhg lq Iljxuh +7=4,1 Qh{w/ zh xvh wkhvh duwlfldo revhuydwlrqv wr qg d
qrqolqhdu fdqrqlfdo ghfrpsrvlwlrq dqg ghgxfh wkh dvvrfldwhg qrqsdudphwulf
hvwlpdwruv ri wkh guliw ixqfwlrq=  +{, @ 3=; {> dqg wkh yrodwlolw| ixqfwlrq=
 +{, @ 3=8= Wkuhh hvwlpdwlrq phwkrgv duh vxffhvvlyho| frqvlghuhg=
l, dq xqfrqvwudlqhg vlhyh phwkrg edvhg rq d qlwh edvlv ri sro|qrpldov
zlwk ghjuhh vpdoohu wkhq vl{>
ll, dq xqfrqvwudlqhg nhuqho phwkrg/ zlwk jdxvvldq nhuqhovN +{, @ N2 +{,
@ I
2Z
h{s%22 > dqg edqgzlgwkv k @ k2 @ 3=4358>
lll, wkh vdph nhuqho phwkrg frqvwudlqhg e| wkh uhyhuvlelolw| k|srwkhvlv1
Wkh| duh dssolhg wr wkh gdwd [|> [|3> zlwkrxw dq| suholplqdu| wudqv0
irupdwlrq ri wkh gdwd wr jhw d frpsdfw vhw ydoxhv1
57
71414 Vlhyh phwkrg dqg nhuqho edvhg phwkrg
Iljxuhv +7=5,0+7=6, suhvhqw wkh hvwlpdwru a*c ri wkh uvw fdqrqlfdo yduldwh
frpsxwhg e| d sro|qrpldo edvhg vlhyh phwkrg dqg e| wkh nhuqho phwkrg/
uhvshfwlyho|1 Hdfk Iljxuh suhvhqwv wkh wuxh ixqfwlrq +grwwhg olqh, dqg lwv
hvwlpdwru +frqwlqxrxv olqh,1
Iljxuh 715= Vlhyh hvwlpdwru ri wkh uvw fxuuhqw fdqrqlfdo yduldwh
Hyhq wkrxjk wkh vlhyh dssurdfk lv frqvlvwhqw zkhq wkh qxpehu ri ho0
hphqwv lq wkh edvlv lqfuhdvhv/ lw pd| eh gl!fxow wr vhohfw dq dssursuldwh
rughulqj ri ixqfwlrqv ri wkh edvlv lq sudfwlfh1 Wr jlyh dq lghd ri wklv sure0
ohp/ zh duwlfldoo| lpsrvh d qxoo frh!flhqw iru wkh whup lq {1 Vlqfh wkh wuxh
uvw fdqrqlfdo yduldwh fruuhvsrqgv wr wkh Khuplwh sro|qrpldo ri rughu rqh/
wkh h{shfwhg uhvxow lv rxwvlgh wkh qlwh glphqvlrqdo vxevsdfh lq zklfk zh
frpsxwh wkh hvwlpdwru1 Lw h{sodlqv wkh srru w rewdlqhg lq Iljxuh +7=5, =
Pruhryhu/ wkh hvwlpdwhg fdqrqlfdo fruuhodwlrq lv htxdo wr ac @ 3=63/ zklfk
lv pxfk orzhu wkdq wkh wuxh ydoxh htxdo wr 3=77<=
58
Iljxuh 716= Nhuqho hvwlpdwru ri wkh uvw fxuuhqw fdqrqlfdo yduldwh
Krzhyhu/ wklv vlhyh hvwlpdwru fdq eh xvhg dv wkh lqlwldo fdqrqlfdo yduldwh
lq wkh lwhudwhg hvwlpdwlrq vfkhph lqwurgxfhg lq vxevhfwlrq 6151 E| dsso|lqj
wklv surfhgxuh/ zh rewdlq d frqvlvwhqw hvwlpdwru ri wkh uvw fdqrqlfdo yduldwh1
Diwhu wkuhh lwhudwlrqv/ zh jhw wkh hvwlpdwru sorwwhg lq Iljxuh +7=6, = Wkh
hvwlpdwhg uvw fdqrqlfdo fruuhodwlrq lv qrz htxdo wr 3=778> zklfk lv forvh wr
wkh wuxh ydoxh1
Wr vwxg| wkh dv|pswrwlf yduldqfh ri wkh hvwlpdwruv/ zh shuirup wkh iro0
orzlqj Prqwh0Fduor vwxg|1 Zh uhsolfdwh 583 vlpxodwhg sdwkv xvlqj wkh vdph
sdudphwhuv ydoxhv dqg zh frpsxwh dw hdfk srlqw ri wkh vxssruw wkh phdq
dqg wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwru ri wkh uvw fdqrqlfdo yduldwh/ iru
wkh nhuqho phwkrg dqg wkh vlhyh phwkrg1 Hdfk Iljxuh suhvhqwv wkh dyhudjhg
hvwlpdwruv dqg wkh srlqwzlvh frqghqfh edqgv1 Lq vlhyh phwkrg/ zlwkrxw
d sulrul nqrzohgjh rq wkh sdwwhuq ri wkh fdqrqlfdo yduldwh/ zh fdq pdnh d
edg vhohfwlrq ri wkh ixqfwlrqv ri wkh qlwh edvlv1 Dv qrwhg lq Iljxuh +7=7,/
wklv pd| lpso| d frqghqfh edqg zklfk rqo| xqiuhtxhqwo| lqfoxghv wkh wuxh
fdqrqlfdo yduldwh1
59
Iljxuh 717= Frqghqfh edqg iru wkh uvw fxuuhqw fdqrqlfdo yduldwh +vlhyh
phwkrg,
Iljxuh 718= Frqghqfh edqg iru wkh uvw fxuuhqw fdqrqlfdo yduldwh +nhuqho
phwkrg,
Wkh eldv dqg yduldqfh ri wkh hvwlpdwhg uvw fdqrqlfdo fruuhodwlrqv duh
vxppdul}hg lq wdeoh 7141 Zlwk wkh suhylrxv fkrlfh ri wkh edvlv ri sro|qr0
pldov/ wkh vlhyh phwkrg xqghuhvwlpdwhv wkh uvw fdqrqlfdo fruuhodwlrq exw/
5:
zkhq wklv eldvhg hvwlpdwru lv xvhg dv lqlwldo lqsxw iru wkh lwhudwlyh nhuqho
phwkrg/ wkh nhuqho lwhudwlrq surfhgxuh zloo uhgxfh wkh eldv +dqg dovr wkh
yduldqfh,1
eldv yduldqfh
vlhyh hvwlpdwru 313;8 3135;
nhuqho hvwlpdwru 31336 31344
Wdeoh 714= Surshuwlhv ri wkh hvwlpdwhg uvw fdqrqlfdo fruuhodwlrq
71415 Frpsdulvrq ri frqvwudlqhg dqg xqfrqvwudlqhg nhuqho edvhg
phwkrgv
Wkh Ruqvwhlq0Xkohqehfn surfhvv lv uhyhuvleoh1 Lq wklv vhfwlrq/ zh frpsduh
wkh uhvxowv ri wkh frqvwudlqhg dqg xqfrqvwudlqhg nhuqho edvhg phwkrgv1 Zh
surylgh lq Wdeoh 7=5 wkh hvwlpdwhg fdqrqlfdo fruuhodwlrqv1
Fdqrqlfdo fruuhodwlrqv 
3ughu Wuxh Xqfrqvwudlqhg Frqvwudlqhg
4 3177<6 317839 317836
5 31534; 315488 315466
6 313<3: 3143:7 31434<
7 31373: 313864 3137:5
8 3134;6 3135:4 313597
9 3133;5 3133;5 31343;
Wdeoh 715= Hvwlpdwhg fdqrqlfdo fruuhodwlrqv
Wkh hvwlpdwhv duh forvh wr hdfk rwkhu/ dqg forvh wr wkh wuxh ydoxhv1 Wkh
fxuuhqw hvwlpdwhg fdqrqlfdo yduldwhv duh sorwwhg lq Iljxuh +7=9, iru wkh xq0
frqvwudlqhg fdvh/ dqg lq jxuh +7=:, iru wkh frqvwudlqhg rqh1 Wkh uvw yduldwh
lv uhsuhvhqwhg e| d frqwlqxrxv olqh/ wkh vhfrqg rqh e| d gdvkhg olqh/ dqg wkh
wklug rqh e| d grwwhg olqh1
5;
Iljxuh 719= Xqfrqvwudlqhg hvwlpdwhg fdqrqlfdo yduldwhv
Iljxuh 71:= Frqvwudlqhg hvwlpdwhg fdqrqlfdo yduldwhv
Wkh frqvwudlqhg hvwlpdwhg fdqrqlfdo yduldwhv forvho| lplwdwh wkh ixqf0
wlrqdo irupv ri wkh Khuplwh sro|qrpldov/ zkhuhdv zh revhuyh vrph dv|pph0
wu| lq wkh vhfrqg fdqrqlfdo yduldwh hvwlpdwhg zlwkrxw frqvwudlqw1 E| frp0
sdulqj wkh frqvwudlqhg dqg xqfrqvwudlqhg hvwlpdwruv/ zh rewdlq gldjqrvwlfv
iru wkh uhyhuvlelolw| k|srwkhvlv +vhh vxevhfwlrq 618,1
5<
Ilqdoo|/ zh fdq sursrvh vrph gldjqrvwlf surfhgxuhv iru wkh qrupdolw|
k|srwkhvlv uhihuuhg wr lq vhfwlrq 515161 Ohw xv frqvlghu wkh fdqrqlfdo fruuh0
odwlrqv dqg fruroodu| 515/ iru lqvwdqfh1 Xqghu wkh qrupdolw| k|srwkhvlv/ zh
jhw=  @ / ru oq @ l oq1 Zh jlyh ehorz wkh uhvxow ri olqhdu uhjuhvvlrqv
ri wkh orj hvwlpdwhg fdqrqlfdo fruuhodwlrqv rq 4 dqg l> l @ 4> ===> 9/ erwk iru
wkh frqvwudlqhg dqg xqfrqvwudlqhg fdvhv1
frqvwdqw frh!flhqw l frh!flhqw hvwlpdwhg  U2
xqfrqvwudlqhg 31355; 031:983 317985 31<<9:
frqvwudlqhg 03136; 031:749 317:96 31<<<6
Wdeoh 716= Sdwwhuq ri wkh orj fdqrqlfdo fruuhodwlrqv
Zh revhuyh odujh ydoxhv ri wkh pxowlsoh fruuhodwlrq frh!flhqw U2 lqgl0
fdwlqj wkh kljk dghtxdf| ri wkh wv1 Wkh wzr iroorzlqj jxuhv surylgh wkh
sdwwhuqv ri wkh orj hvwlpdwhg fdqrqlfdo fruuhodwlrqv iru wkh xqfrqvwudlqhg
dqg frqvwudlqhg fdvhv1 Hdfk grw uhsuhvhqwv wkh orj hvwlpdwhg fdqrqlfdo
fruuhodwlrq1 Wkh grwwhg olqhv fruuhvsrqg wr wkh olqhdu dgmxvwphqw dqg wkh
frqghqfh lqwhuydov/ uhvshfwlyho|1
Iljxuh 71;= Sdwwhuq ri wkh orj fdqrqlfdo fruuhodwlrqv +xqfrqvwudlqhg
phwkrg,
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Iljxuh 71<= Sdwwhuq ri wkh orj fdqrqlfdo fruuhodwlrqv +frqvwudlqhg phwkrg,
71416 Hvwlpdwlrq ri wkh guliw dqg yrodwlolw| ixqfwlrqv
Lq wkh fdvh ri xqlyduldwh glxvlrq htxdwlrq/ wkh qrqolqhdu fdqrqlfdo dqdo|vlv
doorzv wr lghqwli| erwk wkh guliw dqg wkh yrodwlolw| ixqfwlrqv/ iurp wkh wzr
uvw fdqrqlfdo fruuhodwlrqv dqg yduldwhv +vhh wkh dssurdfk e| ^48/ Ghprxud
+4<<6,` ghvfulehg lq vxevhfwlrq 51514,1 Wkh wzr iroorzlqj jxuhv surylgh wkh
wuxh ixqfwlrqv zlwk d frqwlqxrxv olqh/ wkhlu hvwlpdwruv dqg wkhlu frqghqfh
edqgv zlwk grwwhg olqhv1
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Iljxuh 7143= Hvwlpdwhg guliw ixqfwlrq
Iljxuh 7144= Hvwlpdwhg yrodwlolw| ixqfwlrq
715 Kljk Iuhtxhqf| Gdwd
Zh dsso| wkh suhylrxv dssurdfk wr d vhulhv ri uhwxuqv fruuhvsrqglqj wr wkh
Dofdwho vwrfn wudghg rq wkh Sdulv0Erxuvh1
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Iljxuh 7145= Uhwxuqv iru Dofdwho vwrfn
Wkh sulfhv duh uhvdpsohg iurp uhdo wlph uhfrugv dw d frqvwdqw lqwhuydo
ri 53pq dqg wkh uhwxuqv duh frpsxwhg e| glhuhqflqj wkh orj0sulfhv1 Wkh
vdpsolqj shulrg lv Pd| 5/ 4<<: wr Dxjxvw 63/ 4<<: dqg frqwdlqv 4:38 re0
vhuydwlrqv1 Iru wklv dssolfdwlrq/ zh fdq dvvxph wkdw uhwxuqv wdnh ydoxhv lq
d frpsdfw vhw1 Lqghhg/ wkh wudglqjv zrxog dxwrpdwlfdoo| vwrs li wkh sulfh
prglfdwlrq zlwk uhvshfw wr wkh rshqlqj sulfh zdv wrr odujh1
Zh lpsohphqwhg wkh xqfrqvwudlqhg dqg frqvwudlqhg nhuqho edvhg phwk0
rgv/ zlwk d jdxvvldq nhuqho dqg edqgzlwkv k @ k2 @ 3=395> dqg krul}rq
k @ 41 Wkh hvwlpdwhg fdqrqlfdo yduldwhv duh surylghg lq Iljxuhv +7=46, dqg
+7=47, iru wkh xqfrqvwudlqhg fdvh/ dqg lq Iljxuh +7=48, iru wkh frqvwudlqhg
rqh1 Wkh uvw yduldwh lv uhsuhvhqwhg e| d frqwlqxrxv olqh/ wkh vhfrqg rqh e|
d gdvkhg olqh/ dqg wkh wklug rqh e| d grwwhg olqh1
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Iljxuh 7146= Hvwlpdwhg fxuuhqw fdqrqlfdo yduldwhv
Iljxuh 7147= Hvwlpdwhg odjjhg fdqrqlfdo yduldwhv
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Iljxuh 7148= Hvwlpdwhg fdqrqlfdo yduldwhv xqghu uhyhuvlelolw|
Lw lv frpprqo| dvvxphg lq qdqfldo wkhru| wkdw wkh vwrfn uhwxuqv +u|> w  3,
vdwlvi| d vwrfkdvwlf glhuhqwldo htxdwlrq=
gu| @  +u|,gw.  +u|, gZ| +vd|,1
Lq vxfk fdvh/ wkh surfhvv lv qhfhvvdulo| uhyhuvleoh dqg wkh uvw fdqrqlfdo
yduldwh fruuhvsrqgv wr d prqrwrqh ixqfwlrq/ wkh vhfrqg rqh wr d ixqfwlrq
zlwk rqh euhdnsrlqw/ dqg vr rq1 Wkh frpsdulvrq ri wkh wkuhh jxuhv vkrzv
fohduo| wkdw wkh uhyhuvlelolw| surshuw| kdv wr eh uhmhfwhg/ dv wkh h{shfwhg
sdwwhuqv ri wkh fdqrqlfdo yduldwhv duh1 Lq sduwlfxodu/ wkh revhuyhg uhwxuqv
duh qrw frpsdwleoh zlwk dq xqghuo|lqj vwrfkdvwlf glhuhqwldo htxdwlrq1
Krz wr lqwhusuhw wkh sdwwhuq ri wkh uvw fdqrqlfdo yduldwh B Lw lv zhoo
nqrzq wkdw wkh +olqhdu, dxwrfruuhodwlrqv ri vwrfn uhwxuqv duh jhqhudoo| xq0
vljqlfdqw/ zklfk lv frqvlvwhqw zlwk wkh wkh wkhru| ri pdunhw h!flhqf|1
Lq rxu fdvh/ wkh uvw rughu olqhdu fruuhodwlrq lv 3=3981 Wkhuhiruh/ wkh olq0
hdu wudqvirupdwlrq zloo qrw ehorqj wr wkh vxevsdfhv jhqhudwhg e| wkh uvw
fdqrqlfdo yduldwhv1 Pruhryhu/ wkh olwhudwxuh rq DUFK prghov lqvlvwv rq
wkh vr0fdoohg yrodwlolw| shuvlvwhqfh/ lpso|lqj wkh odujh dxwrfruuhodwlrq ri
vtxduhg uhwxuqv1 Wkhuhiruh/ lw lv qrw vxusulvlqj wr qg d uvw fdqrqlfdo
yduldwh zlwk d sduderolf irup/ hyhq li wkh sdwwhuq dovr lqfoxghv vrph ohyhu0
djh hhfw wr glvwlqjxlvk exoo dqg ehdu pdunhwv1 Wkh uhyhuvlelolw| k|srwkhvlv
lv dovr fohduo| uhmhfwhg zkhq zh frpsduh wkh frqvwudlqhg dqg xqfrqvwudlqhg
hvwlpdwhg fdqrqlfdo fruuhodwlrqv1 Wkh lqwurgxfwlrq ri wkh uhyhuvlelolw| frq0











Wdeoh 716= Hvwlpdwhg fdqrqlfdo fruuhodwlrqv
8 Frqfoxglqj Uhpdunv
Lq wklv sdshu/ zh ghyhorsshg d qrqolqhdu fdqrqlfdo fruuhodwlrq dqdo|vlv
edvhg rq nhuqho hvwlpdwruv ri wkh ghqvlw| ixqfwlrq1 Wklv dssurdfk kdv ehhq
dssolhg wr d kljk iuhtxhqf| vhulhv ri uhwxuqv1 Wkhuh h{lvw lq wkh olwhud0
wxuh rwkhu qrqsdudphwulf hvwlpdwlrq phwkrgv lqyroylqj wkh vlhyhv +vhh ^</
Fkhq0Kdqvhq0Vfkhlqnpdq +4<<;,`, ru wkh jhqhudol}hg nhuqhov +vhh ^:/ Ervt0
Ohfrxwuh +4<;:,`,1 Wkh dqdo|vlv ri wkh dv|pswrwlf surshuwlhv ri wkh hvwl0
pdwhg fdqrqlfdo fruuhodwlrqv dqg yduldwhv duh vlplodu1 Zh kdyh vkrzq wkdw
rxu phwkrg rxwshuirupv wkh vlhyh phwkrg zklfk duwlfldoo| uhvwudlqw wkh
grpdlq ri hvwlpdwlrq1
Gxh wr wkh qrqolqhdulwlhv/ wkhvh qrqsdudphwulf whfkqltxhv uhtxluh d odujh
vhw ri revhuydwlrqv/ zklfk h{sodlqv wkh lqwhuhvw iru qdqfldo gdwd/ lqfoxglqj
kljk iuhtxhqf| gdwd1 Exw/ hyhq li zh uhvwulfw wr wklv hog/ qrqolqhdu fdqrqlfdo
dqdo|vlv lv fhuwdlqo| d xvhixo wrro iru xqghuvwdqglqj wkh ulvn ri oltxlglw| lq
dq dqdo|vlv ri lqwudwudgh gxudwlrqv +vhh ^54/ Jrxulìurx{0Mdvldn +4<<;,`,/ ru
wr lpsohphqw whfkqlfdo dqdo|vlv edvhg prghov iru gluhfwlrqv ri sulfh fkdqjhv
+vhh ^45/ Gduroohv0Jrxulìurx{0Oh Iro +4<<;,`,1
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v1w1 H*2 +[, @ H#2 +\ , @ 4>
zkhuh * +[, 5 L +[, > # +\ , 5 L +\ , > L +[, > L +\ , duh vxevsdfhv ri O2 +[,/
O2 +\ , uhvshfwlyho|/ vxfk wkdw=
WL +[,  L +\ , > W WL +\ ,  L +[, =





* +[, # +\ ,
l
>
v=w= H*2 +[, @ 4> * +[, 5 L +[, >





* +[,W W# +[,
l
>
v=w= H*2 +[, @ 4> * +[, 5 L +[, =
Lw lv d gluhfw frqvhtxhqfh ri wkh Fdxfk|0Vfkzdu} lqhtxdolw| wkdw * dqg
W W# duh sursruwlrqdo +dqg dovr duh W * dqg #,1 Wkhuhiruh=
< = W W# @ *>













@  > dqg=
WW W# @ 2#>
W WW * @ 2*=
Wkh vroxwlrqv *> # ri wkh sureohp +5=4, fdq eh ghgxfhg iurp wkh vlpxo0
wdqhrxv vshfwudo ghfrpsrvlwlrq ri wkh qrq0qhjdwlyh dxwr0dgmrlqw rshudwruv




lv ghqhg xs wr d fkdqjh ri vljq1
Khqfh/ wkh vroxwlrq ri wkh lqlwldo sureohp +5=4, lv ghulyhg e| frqvlghulqj
d vhtxhqfh ri sureohpv ri w|sh +D=4,/ zlwk uvw L +[, @ O2 +[, > L +\ , @
O2 +\ ,/ wkhq L +[, > L +\ , wkh vxevsdfhv ruwkrjrqdo wr wkh vroxwlrqv ri wkh
uvw sureohp/ dqg vr rq1
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E Surri ri Wkhruhp 618
Iru dq| ixqfwlrq j lq J @ ij = U U mj +{> |,m i +{> |, g{g|  4j/ zh jhw=
vxs
}M:
] ] j +{> |, ai +{> |, g{g|  ] ] j +{> |, i +{> |,g{g|
 vxs
E%c+Mc2
 ai +{> |, i +{> |,
i +{> |,
=
Xvlqj dvvxpswlrq D1</ wklv xqlirup frqyhujhqfh lv htxlydohqw wr wkh
xqlirup frqyhujhqfh ri ai +{> |, wr i +{> |, rq [ 2> l1h1=
vxs
E%c+Mc2
 ai +{> |, i +{> |,$ 3 d=v>
jlyhq e| Wkhruhp 6171
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F Dv|pswrwlf Surshuwlhv
F14 Surri ri Wkhruhp 61;
Zh zulwh wkh surri lq wkh fdvh l @ 4= Wkh fdvh l 9@ 4 fdq eh hdvlo| ghgxfhg











* +{,# +|, ai +{> |,g{g|>
v1w1
]
*2 +{, ai +{> =, g{ @
]










* +{,# +|, ai +{> |,g{g|>
v1w1
]
*2 +{, i +{> =, g{ @
]
#2 +|, i +=> |, g| @ 4=




* +{,# +|, i +{> |,g{g|>
v1w1
]
*2 +{, i +{> =, g{ @
]
#2 +|, i +=> |, g| @ 4=





*2 +{, i +{> =,g{ @
]
#2 +|, i +=> |, g| @ 4

=
l, Frqvlvwhqf| ri *c > #c
Xvlqj Fdxfk|0Vfkzdu} lqhtxdolw|/ zh kdyh j +{> |, @ * +{,# +|, 5 J> ; +*>#, 5
K> dqg e| Ohppd 618/ zh ghgxfh wkh d1v1 xqlirup frqyhujhqfh=] ]
* +{,# +|, ai +{> |, g{g| $
<"
] ]
* +{,# +|, i +{> |,g{g|>
zkhuh +*>#, 5 K= Pruhryhu/ wkh dssolfdwlrq=
+*>#,$
] ]
* +{,# +|, i +{> |,g{g|>
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lv frqwlqxrxv iurp O2 +[,  O2 +\ , wr U1 Qrz/ zh fdq xvh wkh Mhqqulfk*v
wkhruhp +vhh ^63/ Mhqqulfk +4<9<,`, wr ghgxfh wkdw wkh vroxwlrqv ri wkh qlwh
vdpsoh sureohp frqyhujh d1v1 wr wkh vroxwlrq ri wkh olplw sureohp=
*c  *
2





lv wkh O2 glvwdqfh1
ll, Frqvlvwhqf| ri a*c > a#c
Vlqfh j +{> |, @ *2 +{, 5 J dqg j +{> |, @ #2 +|, 5 J> zkhq +*>#, 5 K/ zh













ai +=> |, g| $
]











ri sureohpv 4 dqg 5 duh































dqg zh ghgxfh wkdw
a*c  *
2
$ 3 d=v= Dq dqdorj frpsxwdwlrq jlyhva#c  #
2
$ 3 d=v=
lll, Frqvlvwhqf| ri ac
Lw lv d frqvhtxhqfh ri wkh htxlfrqwlqxlw| surshuw|1
77
F15 Dv|pswrwlf h{sdqvlrq ri 	>c / 	)c
l, H{sdqvlrq ri wkh uvw rughu frqglwlrq
Wkh htxdwlrqv +6=:, fdq eh zulwwhq dv=] k
* +|, . a*c +|,
l





* +{, . a*c +{,
l
>] k
* +{, . a*c +{,
l2 k
i +{> =, .  ai +{> =,
l
@ 4>
zkhuh wkh glhuhqwldo whupv duh ac @ ac  > a*c @ a*c  *>
af @ aff dqg  ai @ ai i= D uvw rughu h{sdqvlrq surylghv wkh v|vwhp
ehorz= ]
a*c +|, f +{> |,g| .
]
* +|, af +{> |,g| +F14,
@ ac* +{, . a*c +{, >]
*2 +{, 
ai +{> =,g{. 5
]










Wkh frqglwlrqv +F=4, dqg +F=5, ehfrph=
ac* +{, . a*c +{,
]
a*c +|, f +{> |,g| @ aDc +{, > +F16,]
* +{, i +{> =, a*c +{, g{ @ aEc = +F17,






zkhuh wkh frqvwdqw whup lv }hur vlqfh a*c lv dv|pswrwlfdoo| }hur phdq1 E|
uhsodflqj lq v|vwhp +F=6, +F=7, > zh jhw=








aEc @ aec =
78







aDc +{,* +{, i +{> =, g{> +F18,







* +{, = +F19,




af +{> |, @ 
%] ai +|> }, ai +{> },





 ai +|> }, i +{> },
i +{> =, i +=> },
g} .
]
i +|> },  ai +{> },




i +|> }, i +{> },
i2 +{> =, i +=> },
 ai +{> =, g} 
]
i +|> }, i +{> },
i +{> =, i2 +=> },
 ai +=> }, g}>


























i +|> }, i +{> },
i +{> =, i +=> },




i +|> }, i +{> },
i2 +=> },





* +{, i +{ m },g{






* +|, i +| m }, g|






i +|> }, i +{> },
i +{> =, i +=> },
g}

























































 # +|,# +|,























 ai +{> |, g{g|=
D vlplodu frpsxwdwlrq surylghv=
aDc +{, * 4
i +{> =,
] ]






















# +},  ai +{> }, g}  * +{,  ai +{> =,

> +F1:,
diwhu wkh holplqdwlrq ri wkh whupv ri kljkhu rughu1
lll, Frqyhujhqfh udwhv ri wkh hvwlpdwruv
Ilqdoo|/ zh fdq qrwh wkdw wkh hvwlpdwruv ri wkh fdqrqlfdo fruuhodwlrqv dqg
fdqrqlfdo yduldwhv gr qrw frqyhujh dw wkh vdph udwh1 Lqghhg/ iurp wkhruhp




frqyhujh dw udwh Q3

2 / zkhuhdv






 = Zh ghgxfh iurp +F=6, dqg wkh frpsdu0










F16 Dv|pswrwlf glvwulexwlrq ri 	>c / 	)c c 	c
l, Dv|pswrwlf glvwulexwlrq ri ac




> zh ghgxfh e| wkhruhp 61: wkdw=
s
Qac
















 +\?, > * +[?n&,# +\?n&, .













ll, Dv|pswrwlf glvwulexwlrq ri a*c















 ai +{> |, g|>




a*c +{, * +{,


































N2 +x, gx Y ^# +\ , m [ @ {` =
lll, Dv|pswrwlf glvwulexwlrq ri a#c
Wkh uhvxow lv lpphgldwh e| v|pphwu|1
7;





l, H{sdqvlrq ri wkh uvw rughu frqglwlrq
Zh fdq gluhfwo| frqvlghu wkh sdlu +> *, dqg lwv hvwlpdwhg frxqwhusduw
ac > a*c

= Wkh sdlu +> *, vdwlvhv=]
* +{, i +{ m |, g{ @ * +|, > +F1;,]
*2 +{, i +{> =,g{ @ 4>















c +|, > +F1<,]
a*2c +{,
ai- +{> =,g{ @ 4>
zkhuh ai- +{ m |, @ ai- +{> |, @ ai- +=> |, = Wkh wzr suhylrxv htxdwlrqv fdq eh
zulwwhq dv= ] k


















* +{, . a*c +{,
l2 k
i +{> =, .  ai- +{> =,
l
@ 4>





c  > a*c @ a*c  * dqg
 ai- @
ai-  i= D uvw rughu h{sdqvlrq surylghv wkh v|vwhp ehorz=]
a*-c +{, i +{ m |, g{.
]
* +{, 
ai- +{ m |, g{ +F143,
@ a
-




ai- +{> =, g{. 5
]
* +{, i +{> =, a*
-










ai- +{> =, g{=
Wkh frqglwlrqv +F=43, dqg +F=44, ehfrph=
a
-




a*-c +{, i +{ m |,g{ @ aD-c +|, > +F145,
7<
]
* +{, i +{> =, a*
-
c +{, g{ @ aE
-
c = +F146,
Ohw xv qrz pxowlso| erwk vlghv ri htxdwlrq +F=45, e| * +|, i +=> |, dqg









c +|, i +=> |,g|

] ]
a*-c +{,* +|, i +{ m |, i +=> |,g{g|=
E| xvlqj qrz wkh uhyhuvlelolw| surshuw|/ zh jhw=] ]
a*-c +{,* +|, i +{ m |, i +=> |,g{g|
@
] ]
a*-c +{,* +|, i +| m {, i +{> =, g{g|
@ 
]
a*-c +{,* +{, i +{> =,g{>









* +{,* +|, 
ai- +{ m |, i +=> |,g{g|= +F147,
ll, Dv|pswrwlf h{sdqvlrq ri  ai- +{ m |,
Zh jhw= 0
 ai- +{ m |, *












ai- +{> |,g{  ai- +=> |,
]



















* +{,* +|, *2 +|,
l
 ai- +{> |, g{g|=
lll, Frqyhujhqfh udwhv ri wkh hvwlpdwruv












dqg aE-c whqg wr }hur dw udwh Q
3


















l, Dv|pswrwlf glvwulexwlrq ri a
-
c
























* +[?,* +\?, *2 +\?, >
* +[?n&,* +\?n&, 2* +\?n&,
l
=
ll, Dv|pswrwlf glvwulexwlrq ri a*-c







^* +|, * +{,`  ai- +{> |, g|>
dqg/ e| wkhruhp 61:/ wkdw=t
Qk_








































N2 +x,gx Y ^* +\ , m [ @ {` =
84
